This study examines the guidance and navigation problem of an acceleration constrained tactical missile for any initial missile and target orientation. A nonlinear guidance law (NGL) based on the theory of nonlinear differential geometric methods is presented, and an extended Kalman filter (EKF) in modified spherical coordinate (MSC) has been invoked for the third party (tracking radar) to estimate the missile-to-target position, velocity, and acceleration before handing over. After locking on the target, the RF seeker of the missile is used to estimate the required guidance information using active seeker measurements. It can be shown that the design of the guidance algorithm valid for arbitrary initial missile and target orientation in three dimension (3-D) has to null not only the line of sight (LOS) rate but also the relative heading error (RHE). The performance of a tactical missile with an active RF seeker in high relative heading error (RHE) is evaluated using the combination of an EKF and the NGL in two dimension (2-D) space. In particular, a comparison is made between two guidance schemes using estimated states from an EKF. The two guidance schemes are 1) a composite NGL coupled with a terminal side jet control (TSJC), and 2) a traditional extended proportional navigation (EPN) guidance law also coupled with the TSJC. The results show that the composite NGL coupled with a TSJC provides a significant improvement in high RHE engagements over the traditional PN type guidance law.
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Introduction
Recently, differential geometric control methods have led to a new class of control techniques for nonlinear systems which are linear (affine) in the control inputs. To date, the feedback linearization method 1 has been applied to derive the exact command to the LOS guidance law 2 and the nonlinear guidance laws 3, 4 of the homing problem in the open literature. * Senior Scientist, Member AASRC However, the required parameters such as the missile-to-target position, velocity, and acceleration for guidance law implementation have not been discussed yet.
It is well known that the PN guidance is a simple and well-tested homing algorithm. The key point is that if a missile is on the collision course the LOS will not rotate. Hence, the required acceleration is usually taken to be proportional to the LOS rate 5 . However, in order to have the advantage in future generations of air combat, there will be a need for highly agile missiles capable of engaging targets in high off-boresight and rear hemisphere scenarios far from the collision course where the performance of PN guidance degrades. Particularly, for a target moving directly away from the missile in a straight line, PN guidance fails completely because the LOS rate is zero. Hence, a lot of efforts have been devoted recently to improve the PN guidance law for all-aspect applications 3, 4, [6] [7] [8] [9] [10] . In theory, it is clear from the collision triangle that the relative velocity is aligned with the opposite direction of the LOS. In other words, the RHE angle between the relative velocity and the opposite direction of LOS should be driven to zero. In Ref. 4 , a planar nonlinear guidance law based on the RHE angle in polar coordinates has been proposed. In this study, we first drive a new 2-D nonlinear guidance law based on the RHE angle in Cartesian coordinates 3 but to extend the nonlinear guidance strategy to 3-D space for any initial missile and target orientation in the polar coordinate system for simplicity by using the theory of feedback linearization.
Then, an EKF in MSC is invoked for the third party (tracking radar) to estimate the missile-to-target relative states and to implement the associated nonlinear guidance law before handing over. After locking on the target, the RF seeker of the tactical missile coupled with an EKF in MSC is used to estimate the required relative states for guidance law implementation 11 . Besides, a TSJC to compensate the missile dynamics at the very end game of the homing phase 12 coupled with the composite NGL also has been proposed to ensure the hit-to-kill performance of the agile tactical missiles. The planar nonlinear kinematics can be expressed in a right-hand Cartesian coordinate system where the origin is taken to be the initial position of the missile, and the x axis, is taken to be the initial direction of the LOS. The kinematic equations of the missile and target are given by
2-D Nonlinear Guidance Law
Hence, the guidance system can be modeled as a eighth-order state space system of the form
where x v is the state vector of the system and y is the system output function. Since the control variable my a is affine in the above nonlinear system, according to the feedback linearization theory the control input can be obtained from the following standard formula
where v is an external reference input, r is the relative degree of the resulting linear sub-space which is equal to the number of times the output must be differentiated to have the input appear explicitly, and
can be calculated as follows:
According to the collision triangle of homing guidance, the goal of the missile guidance law is to command the missile to intercept the target, i.e., not only to null the LOS rate but also to null the RHE 4 
Hence, the natural output of the nonlinear system is chosen to be the RHE
and the exact nonlinear guidance law can be obtained as follows:
where the nonlinear system has a relative degree equal to 1. The linear system obtained after the feedback applied is
It is straightforward to calculate the Lie derivatives as follows: We finally obtain the practical nonlinear guidance law as follows:
Let us assume that the Lyapunov function 0 V is chosen as follows:
Then from Eqs. (10) and (13), we observe that 
3-D Kinematic Models 13
The three-dimensional missile and target point-mass kinematics can be expressed in a right-hand Cartesian coordinate system where the origin is taken to be the initial position of the missile and the x axis aligned with the initial LOS. Using the fixed Cartesian reference inertial frame, the kinematic equations for the missile are ≤ ≤ (17) where lim g is the acceleration limit of the missile, and for a target the kinematics are respectively. We also neglect the gravity without any loss of generality.
3-D Nonlinear Guidance Law
According to the collision triangle of PN guidance, the relative velocity
should be aligned with the opposite direction of the range vector R v
. We then define the vector (19) where the LOS coordinate system can be obtained from the inertial coordinate ) , , (
δ is the RHE yaw angle, and E δ is the RHE pitch angle. (See Fig. 2 ) Taking the dot products of the relative velocity with each of the LOS coordinate axes yield
where A σ& is the LOS rate in the yaw plane, and E σ& is the LOS rate in the pitch plane.
Finally, we can derive the governing equations for the RHE angles by differentiating Eqs.
(20-22) as follows:
From Eqs. (17) and (23) 
It is clear from the differential geometric theory that the resulting feedback linearized input-output system Eq. (23) is the following first order linear system 
Numerical Experiment (1)
In this section, we first compare the performance of the exact nonlinear guidance law (NGL) with the traditional EPN guidance law. The estimation of the target acceleration and the autopilot of the acceleration command are assumed to be perfect at this moment. In addition, during the simulation we set the g g 40 lim = so that the guidance law never commanded more than 40g in either axis. Different engagement scenarios are simulated as follows: 
It is clear from the simulation results that the exact NGL is much more efficient than the traditional EPN type guidance law in the severe rear hemisphere engagement scenarios. But in reality, the dynamics of the missile has to be approximated by a first-order transfer function with time constant ap τ and the dynamics of the target also can be approximated by a first order transfer function with time constant 1 τ .
However, in order to compensate the first-order missile dynamics a terminal side jet control is initiated 1.5s before interception to increase the end game guidance accuracy of the agile homing missile. 12 For different engagement scenarios with weaving target, the simulation results are as follows:
( where the CNGL is the composite NGL composed of the NGL and the extended augmented proportional navigation (EAPN) guidance law proposed in this study at the end game of homing phase when the range to go is less than certain threshold. The EAPN guidance law is defined as follows and N is the effective navigation constant. It is interesting to point out that the first term is just the extended proportional navigation (EPN) guidance law proposed in Ref. 10 and is also the stabilizing feedback term of the proposed guidance law to ensure the satisfaction of the guidance conditions in the presence of initial heading angle errors and of steering law construction errors. On the other hand, the second terms of the proposed kinematic guidance law dealing with the necessary accelerations of the missile to satisfy the condition of a vanishing LOS angle acceleration and angle rate are denoted as steering law 18 . The simulation results show that the composite nonlinear guidance law coupled with TSJC does provide the hit-to-kill performance for arbitrary initial missile and target orientation.
State Estimation 11
As a state estimator used to generate the parameters involved in the composite nonlinear guidance law or the appropriate time to go to initiate the TSJC at the very end of homing phase, an U-D factorized EKF in MSC is applied. In this study, the measurements of the tracking radar or the active RF seeker of the missile are the LOS angle, LOS rate, range, and range rate between the observer and the target. On one hand, before handing over, a third party (the tracking radar) is used to estimate the relative states and up-link the associated parameters to the tactical missile. On the other hand, after locking on the target, the active RF seeker of the tactical missile coupled with the U-D EKF is used to estimate the relative states for the homing guidance law implementation.
The Filter State Dynamics
The state vector in MSC is defined as (see Fig.  1 
or in scalar form as follows: 
On the other hand, we define the relative state 
where the estimated Cartesian states prior to prediction are computed from the updated MSC states as follows:
On the other hand, before a measurement is used to update the predicted estimate in MSC, the Cartesian predictions are reconstructed to MSC predictions by the following formula for the sake of simplicity and accuracy 2 1 2 2
Besides, the accelerations of the observer in Cartesian coordinate can be transformed into the LOS coordinate in the following manner deviations for the LOS angle, LOS rate, range, and range rate all can be measured from the observer. Finally, after the i-th measurement finished the measurement update of the state estimate in MSC is given by ) (
In general, for practical on-line realizations of the proposed EKF, the U-D factorization technique 19 is usually invoked to improve the numerical accuracy and to maintain the non-negativity and symmetry of the computed covariance. Then, by using the numerically superior modified weighted Gram-Schmidt (MWG-S) orthogonalization method, the above factorized covariance matrix P can be put into the standard U-D factorization as follows:
where U is upper triangular with unit diagonal matrix and D is diagonal.
Numerical Experiment (2)
In this section, we compare the performance of the proposed CNGL coupled with TSJC with a traditional EPN guidance law also coupled with TSJC both are combined with the proposed EKF. 50 Monte Carlo runs were used to calculate the standard deviation of the miss distance (M. D.) for different engagement scenarios. There are two main different scenarios to be considered in this study. One is a tail chase engagement but with very high RHE and the other one is a head on dogfight scenario. In both cases, the target can be maneuvered with a constant acceleration, or a sinusoidal weaving motion, or a random maneuvering. The random maneuver is a stochastic process in the form of a Random The simulation results show that not only the CNGL coupled with TSJC does provide much better performance than the traditional EPN law also coupled with TSJC but also assure the hit-to-kill performance for arbitrary initial missile and target orientation.
Conclusions
In this study, the guidance and navigation problem of an acceleration constrained tactical missile with very high heading error has been solved completely. A composite nonlinear guidance strategy based on the theory of feedback linearization in 3-D has been implemented to cope with any missile and target orientation. It has been shown from the differential geometric approach that an algorithm valid for any arbitrary initial missile and target orientation has to null not only the LOS rate but also the RHE during the homing engagement. On the other hand, a nonlinear extended Kalman filter in MSC also has been invoked for the third party to estimate the relative states of the missile and target before handing over. After locking on the target, the RF seeker of the missile is used to estimate the required guidance information using active seeker measurements. It also has been shown by the simulation results that the proposed composite NGL coupled with TSJC does provide much better hit-to-kill performance than the traditional EPN guidance law also coupled with TSJC especially for random maneuvering targets.
